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1. INTRODUCTION 

Solidification models in which the liquid phase is moving 
toward the substrate have applications in several important 
engineering problems such as crystal growth, icing, casting, 
and others. It is also interesting from a fundamental point 
of view in metal spray deposition problems, because it allows 
one to understand the effect of the flow strain on the sol- 
idification behavior. 

The classical Stefan solidification model considers the sol- 
idification of the liquid in a semi-infinite domain in contact 
with a fixed temperature substrate [1, 2]. The Neumann 
solution of the Stefan solidification problem has been widely 
used in the analytical and numerical studies of the droplet 
deposition process [3 6]. The stagnation-flow solidification 
model presented by Rangel and Bian [7-9] includes the effect 
of the fluid motion on the solidification process. In these 
studies, the substrate was represented as a fixed-temperature 
boundary condition of the solid phase• Another common 
procedure to include the effect of the substrate on the sol- 
idification process is to assume the substrate depth as semi- 
infinite and the temperature variation of the substrate is 
solved in this semi-infinite domain [10-12]. Early exper- 
imental and analytical studies of the solidification and melt- 
ing of a stagnation flow can be found in the work of  Savino 
and Siegel who reported experimental results and analytical 
studies of the phase change process during the stagnation 
flow of a warm liquid on a cold plate [13, 14]. In the present 
work, the effect of the substrate depth on the stagnation-flow 
solidification problem is studied by analytical and numerical 
methods. In addition, the effect of the substrate temperature 
and the liquid temperature and strain rate on the sol- 
idification process is investigated. It is shown that the sol- 
idification process approaches a quasi-steady behavior, and 
remelting of the substrate may take place for large substrate 
depth and higher liquid temperature. 

2. MATHEMATICAL FORMULATION 

In reference to Fig. l, consider stagnation flow with an 
initial temperature 7", impinging on a solid substrate of thick- 
ness h and initial temperature To. Phase change takes place 
at the interface and the motion of  the interface is controlled 
by the thermal and fluid dynamics of the problem. The gov- 
erning equations for this problem are described in [7]. 

The heat conduction equation for the solid phase is : 

- in - h  < y  < s(t), t > 0 (1) 

with the boundary condition : T,(v t) = T0aty = h , t  > 0 .  
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Assuming inviscid flow, the energy equation of the liquid 
phase is 

with the boundary condition : T~(y, t) ~ T~ as y ~ oc. 
The coupling conditions at the interface y = s(t) are : 

gT~ ~?Tj c~2T~ 
~-  2A(3, s(t)) Ov  = :q ins(t) < y <  o o , t > O  

_ ~ ) , 2  

(2) 

T~O', t) = T,(y, t) =Tm (3) 

i?T~ g T  I , ds(t)  
k~ ~ k, ~ v = pn~, dt  " (4) 

TV . u 

Remelting of the substrate plays an important role in 
enhancing the bonding characteristics of  the deposit. The 
occurrence of remelting at t = 0 may be predicted using the 
Schwarz solution reported in ref. [1]. The criterion for initial 
remelting when the liquid initial temperature is T~ and the 
substrate initial temperature is To is : 

/ - -  

T, Tm , / a ~ > 0 .  (5) 
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Fig. 1. Solidification in a half space: the stagnation flow 
solidification on a finite thickness substrate. 
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NOMENCLATURE 

A potential-flow strain rate 
a~ :~j~, ratio of the liquid to solid thermal 

diffusivity 
ak kjks, ratio of  the liquid to solid thermal 

conductivity 
c specific heat 
h initial substrate thickness 
h~r latent heat of  solidification 
k thermal conductivity 
s solid front position 
g dimensionless solid front position 

(~ = ~ )  
St Stefan number (c(T m -  To)/hsf ) 
T temperature 
t time 

velocity component of  liquid phase in y- 
direction 

y spacial coordinate normal to the substrate 

)7 dimensionless spatial coordinate normal to 
the substrate 07 = y ~ ) .  

Greek symbols 
thermal diffusivity 

r/ transformed coordinate 
0 nondimensional temperature 

[ ( T -  Tm)/(T~ - To)] 
z nondimensional time (z = At). 

Subscripts 
i initial 
l liquid phase 
0 substrate 
m melting 
s solid phase. 

Diacritical mark 
~ nondimensional. 

3. QUASI-STEADY SOLUTION 

In analogy to the quasi-steady solution of  the inviscid 
stagnation-flow solidification on a constant temperature cold 
substrate [7], a quasi-steady solution is used to study the 
long-time solidification behavior of the problem. In employ- 
ing the quasi-steady approximation, we neglect the time 
derivative in the governing equations (1) and (2). The bound- 
ary and initial conditions remain unchanged. 

The solid-phase equation has the solution 

T~-Tm y - s  
O~ - - ( 6 )  

Tin-To h+s 

while the liquid-phase solution is 

£exo[ ~ \ 2 -sy ' )]dy"  
0, (7) 

T,--Tm £~ [ 2A/y "2 \ ]  ," 
exp ~Tl ~ V - s 3  )Jdy  

The energy balance [equation (4)] can be written as 

ds k~(Tm-- To) 
Ph~ dt - h+s 

( 8 )  

Employing the error function, equation (8) can be simplified 
t O :  

ds k,(T m -- To) 2(Tin __ To)Oik,.~, 
Ph~r dt - h+s (9) 

which in turn can be rewritten in a dimensionless form as 

1 d~ 1 2ak0i 
Std~ h+g x / ~  (10) 

The asymptotic value of  g can now be obtained by using the 
fact that d£/~z --* 0 as z -~ ov [7]. Then equation (10) gives 

~ ,  -h-+ ~ (11) a s  "C --~ 0(3 

which indicates that there exists an upper limit of the solid 
phase thickness as time goes to infinity. This solution also 
shows that if h" = ~/~/(2akOi), the final interface location is 
equal to the initial one. Furthermore, the final solid thickness 
is independent of h. 

4. FINITE-DIFFERENCE SOLUTION 

For the numerical solution, it is convenient to recast the 
system of  equations in a dimensionless form as : 

c~O~ = c720~ for - h ~ <  9 < .~(z) (12) 
O'r 0)7 2 

gO, c~ 2 01 
& - 2 ( y - e ( r ) ) ~  = a~--&2 fore(z) <)7 < oc (13) 

c~0s ~0~ 1 dg at)7 = g(z). (14) 
O] = Os andT)7 -a~ ~ =  St d~ 

Since the solution domain for the solid and liquid phases 
vary with time because of the moving interface position, the 
following transformations 

qs = 4-tanTz i (~ ) f -g  (15) 

2 
n] = - t a n -  ~ ( ) 7 - ~  (16) 

7r 

are applied to transform the solution domain ( -h~  s") into 
( - 1 ,  0) and (L m) into (0, 1). After the coordinate trans- 
formations, the Crank-Nicolson scheme is applied to obtain 
the finite-difference form of the system of  equations• This 
system can then be solved to obtain the time-variation of the 
temperature distributions of the solid and liquid phases as 
well as the interface location. Similar transformations are 
employed in refs [8] and [12]. 

5. RESULTS AND DISCUSSION 

Finite-difference solutions are obtained to study the stag- 
nation-flow solidification process on a finite-thickness sub- 
strate of the same material. Aluminum properties are 
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employed. The effect of  strain rate, Stefan number  and other 
transport  properties have been reported earlier for the lim- 
iting case of zero-thickness substrate at fixed temperature [7- 
9]. Figure 2 shows the effect of  substrate thickness on the time 
evolution of the solid-front location. The most  important  
feature is that the solid-front location approaches a fixed 
position predicted by the quasi-steady solution. If the initial 
solid substrate is thick enough, h = 10 for example, it can be 
observed that the liquid will be solidified initially, but  as time 
increases, the substrate will be remelted and the final position 
of the solid front will be lower than the initial interface. On 
the other hand,  if the initial substrate thickness is sufficiently 
thin, the behavior of  the solid-front location resembles the 
result obtained for the case of stagnation-flow solidification 
on a substrate with constant  temperature [7, 8]. The case for 
h- = 9.18 corresponds to the situation where the final interface 
location is equal to its initial value. 

The effect of  the flow strain rate on the solidification 
behavior can be observed in Fig. 3. The strain rate is absorbed 
into the dimensionless time and position and, therefore, in 
order to see its effect, the solution must  be plotted in dimen- 
sional units. For the case of  a luminum with T~ = 1033 K, 

To = 300 K, Tm= 933 K, Fig. 3 shows that increasing the 
strain rate, increases the heat flux to the interface from the 
liquid side which has an adverse effect on the solidification 
process. 

The dimensionless temperature distribution for two 
different substrate thicknesses at different times is shown in 
Fig. 4. It can be observed that in the final stages of  sol- 
idification, the slope of the temperature distribution at the 
interface (0 = 0) on the solid side is very different from that in 
early times. The solid-state temperature gradient decreases, 
while the liquid-side temperature gradient remains constant  
due to the fact that the liquid temperature approaches a 
quasi-steady behavior more rapidly than the solid tem- 
perature does. 

The effect of  the initial liquid and substrate temperatures 
on the solidification process is shown in Fig. 5. It can be seen 
that increasing the initial temperature of  the liquid to a high 
enough value will result in the remelting of  the substrate. 
Increasing the initial temperature of  the substrate will 
decrease the height of  the final solid phase thickness. For a 
sufficiently thick substrate, the final solid front will be located 
below the original interface. 
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Fig. 2. Effect of  substrate thickness (To = 300 K, Ti = 1033 
K, a~ = 0.43, ak = 0.40, St = 1.67). 
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Fig. 4. Effect of  the substrate thickness on the temperature 
distribution (T~ = 300 K, T, = 1033 K). 
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Fig. 3. Solid-front time evolution for different strain rates 
(To = 300 K, T~ = 1033 K, h = 0.1 mm). 
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Fig. 5. Effect of  initial liquid and subst ra te temperatures  on 
the solid-front time evolution (h = 1). 
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